Abstract The main goal of this paper is to study the characteristics of regression rate of solid grain during thrust regulation process. For this purpose, an unsteady numerical model of regression rate is established. Gas-solid coupling is considered between the solid grain surface and combustion gas. Dynamic mesh is used to simulate the regression process of the solid fuel surface. Based on this model, numerical simulations on a H 2 O 2 /HTPB (hydroxyl-terminated polybutadiene) hybrid motor have been performed in the flow control process. The simulation results show that under the step change of the oxidizer mass flow rate condition, the regression rate cannot reach a stable value instantly because the flow field requires a short time period to adjust. The regression rate increases with the linear gain of oxidizer mass flow rate, and has a higher slope than the relative inlet function of oxidizer flow rate. A shorter regulation time can cause a higher regression rate during regulation process. The results also show that transient calculation can better simulate the instantaneous regression rate in the operation process.
Introduction
In a typical hybrid rocket engine, the fuel is solid and the oxidizer is liquid. Hybrid rocket propulsion offers several advantages over traditional liquid or solid rocket propulsion systems such as low cost, high impulse, safety, and throttling, with a broad prospect of development. [1] [2] [3] [4] Hybrid rocket engines are easy to be throttled by changing the mass flow rate of oxidizer, therefore they serve as ideal candidates for variable thrust rocket and suitable for many applications including upper stage motors, sounding rockets, spacecraft, etc. [5] [6] [7] The fuel regression rate is a critical parameter that has the first order effects on the motor design and thereby the performance of the motor. 8, 9 In order to understand the performance of the variable thrust rocket, it is important to obtain the instantaneous changing of the regression rate. Due to the complex combustion process in the hybrid rocket motor, the fuel regression rate varies with time and configuration, which makes it hard to obtain a regression rate expression for different conditions. Experimental transient regression rate measurements are obtained with much money and time costs. With the development of the numerical simulation technique, flow fields and the instantaneous regression rates have been investigated. In recent years, many studies have been made to analyze the characteristic of the flow field and the regression rate, and several numerical tools have been developed. A major theory 10 used to analyze the hybrid rocket combustion process deals with the boundary layer assumption to obtain the amount of heat flux from the flame zone to the solid fuel surface, and hence determine the fuel regression rate. Venkateswaran and Merkle 11 developed a Reynolds average Navier Stokes (RANS) model for the gas oxygen/ hydroxyl-terminated polybutadiene (GOX/HTPB) hybrid rocket, and the results show that the regression rate varied with the axial location, the chamber pressure and the chamber size. A two-dimensional model for the hybrid rocket was established by Akyuzlu and Antoniou 12 to obtain the solid fuel regression rate. Lin 13 explored the aerodynamic and combustion process in a hybrid rocket combustor; under a two-phase turbulent flow environment and the effects of the spray cone angle, the spray injection velocity and the droplet size on regression rate were discussed. Beihang University have also made many works in the related research.
14-17 Among these works, Cai et al. 18 analyzed the scale effects of solid fuel regression rate in the hybrid rocket motors theoretically based on pipe turbulent boundary combustion theory, and obtained a practicable scaling criterion of the solid fuel regression rate. Li et al. 19 conducted three-dimensional numerical simulations of tube, star and wagon grains, and obtained the regression rate distributions of different fuel types. However, because of the low regression rate, most of the simulation models are quasi-steady, ignoring the regression of fuel. Moreover, there is rare numerical simulation on variable thrust hybrid rocket engine for unsteady flow field at present.
The main purpose of this paper is to investigate the transient regression rate during the flow throttling process. Numerical simulations on the H 2 O 2 /HTPB hybrid motor are carried out in flow control process, the gas-solid coupling between the solid grain surface and combustion gas is considered, and the dynamic mesh is used to simulate the regression process of solid fuel surface.
Numerical modeling
The combustion in hybrid rocket motor is a complex physical process, including fluid dynamics, turbulence, radiation, vaporization and pyrolysis of solid fuel. Assumptions involved in the numerical model are shown as follows:
(1) The flow is treated as axisymmetric, because the simulated motors employ cylindrical solid fuel grain and three-dimensional effects inside the combustion chamber can be ignored. (2) Processes of oxidizer evaporation and the fuel decomposition can be ignored. Only the gas-phase reaction is considered. (3) The fluid is an ideal gas, and its specific heat varies with temperature. (4) The radiation heat transfers inside the solid phase is negligible.
Governing equation
The general form of the unsteady Navier-Stokes governing equations of the gas phase in a two dimensional axisymmetric system can be expressed as
where U, C and S U are the general variable, the generalized diffusion coefficient and the generalized source item, respectively, q is the density, t the time, x and r are the axial and radial coordinates, u and v the axial and radial velocities.
Turbulence model
Due to the uneven mass and energy transport near the surface of solid fuel, the standard k-e model may cause large error. The realizable k-e model is employed in this paper. The model can be described by the following equations:
where k is the turbulence energy coefficient, l the viscosity coefficient, l t the turbulent viscosity coefficient, e the turbulence dissipation rate, G k represents the generation of turbulence kinetic energy due to the mean velocity gradients, r k and r e are the turbulent Prandtl number for k and e, C 1 is constant.
Chemical combustion model
According to the pyrolysis experiments results, 20 the major gaseous product of HTPB pyrolysis is 1,3-butadiene (C 4 H 6 ). The hydrogen peroxide has been decomposed to oxygen and water vapor before being injected into the combustion chamber. Therefore the combustion can be simplified by a two-step reaction as
As the burning in the hybrid rocket motor is diffusion combustion, the chemical reaction rate is controlled by the gas diffusion process. The eddy-dissipation model which is used in the mixing-limited combustion is chosen in this paper. 21 The net rate of production of specie i can be given by the smaller of the two expressions below:
where Y R and Y P are the mass fraction of a particular reactant R and species P respectively, A is the empirical constant equal 
Fuel pyrolysis model
Pyrolysis rate of HTPB is related to the surface temperature of fuel, which can be described by means of the Arrhenius-type expression as shown in
where A o is the coefficient of pyrolysis, E a the activation energy, T s the fuel surface temperature, and R the universal gas constant. For HTPB, when T s > 722 K, A o = 11.04 mm/s, E a = 20.5 kJ/mol; when T s < 722 K, A o = 3965 mm/s, E a = 55.8 kJ/mol.
Gas-solid coupling
Energy and mass balance between the solid and gaseous phases are used to calculate interface temperature and regression rate, which can be given as follows:
where k g is thermal conductivity of gas products, h s g the enthalpy of fuel pyrolysis products at fuel surface, h 0 s the enthalpy of solid fuel at initial temperature, _ r the fuel regression rate, q s and q g are the density of solid fuel and pyrolysis products.
Dynamic mesh method
In this subsection, dynamic mesh method is used to simulate the fuel grain surface moving caused by the pyrolysis of fuel. At the current time step, the regression rate can be calculated after the flow fluid computation, and the user defined function (UDF) macro function can be used to control each node's movement of the fuel surface. The distance per unit time of each node is the product of regression rate and time, and its direction is perpendicular to the burning surface.
Spring-based smoothing method and remeshing method are available to update the meshes. For spring-based smoothing, the edges between any two mesh nodes are idealized as a network of interconnected springs. The initial spacing of the edges before any boundary motion constitutes the equilibrium state of the mesh. A displacement at a given boundary node will generate a force proportionally to displacement along all the springs connected to the node. When the boundary displacement is larger compared to the local cell sizes, the cell quality can deteriorate or the cells can become degenerate, which will result in negative cell volumes and lead to convergence problems. To circumvent this problem, the remeshing method is used here. If the local new cells satisfy the skewness criterion, the mesh is updated by a new cell; otherwise, the new cells are discarded.
Computational grid and boundary conditions
The schematic map of the hybrid rocket motor is presented in Fig. 1 , in the figure, d is the fuel port diameter, L the length of solid fuel, d i the oxidizer injection diameter, D 1 the diameter of pre-chamber, L 1 the length of pre-chamber, D 2 the diameter of pre-chamber, L 2 the length of pre-chamber, d t the throat diameter, d e the exit diameter, and the computational grid is shown in Fig. 2 , with a total number of 79140. Refined triangular meshes, near the fuel surface, are used to adopt dynamic mesh technique and accommodate the complex shape of burning face at working time. The meshes away from the fuel surface are structured, to enhance the grid quality and accelerate the calculation speed. Fig. 3 is a partial enlargement view of meshes at Region C (see Fig. 2 ).
The main boundary conditions, which will be presented as follows, include oxidizer inlet, solid fuel wall, solid wall surface, axis of symmetry and nozzle outlet. The oxidizer inlet is the decomposition products of H 2 O 2 , containing oxygen (mass fraction is 42.35%) and water vapor (mass fraction is 57.65%) at the temperature of 1000 K. Using temperature boundary for the solid fuel wall, the temperature can be calculated by gas-solid coupling model. The flow rate and momentum of fuel are added to the cells near boundary as the source terms. The wall boundary contains no-slip velocity and adiabatic wall condition. There is no flux transfer in axis of symmetry boundary condition, thus the radial velocity is v r = 0 m/s, and other dependent variables can be expressed as o// or = 0. The flow at the nozzle outlet is supersonic, and the boundary conditions of all the equations can be extrapolated from inner domain. Transient simulation of regression rate on thrust regulation process in hybrid rocket motor
Presentation of results
The methods descried in the previous section are applied to generating simulations for various cases. The transient regression rate is calculated under three conditions: (A) the oxidizer flow rate is constant in operation process; (B) step change in oxidizer flow rate occurs at t = 0.5 s; and (C) oxidizer flow rate changes linearly, including three cases, the regulation time of Case 1, Case 2 and Case 3 is t 1 = 0.5 s, t 2 = 1.0 s and t 3 = 1.5 s, respectively. The main parameters in different cases are shown in Table 1 , _ m ox is the inlet oxidizer mass flow rate.
3.1. Transient regression rate under constant oxidizer flow rate condition
Average regression rate in operation process
During the operation process of hybrid rocket motor, the solid fuel grain is regressing due to the pyrolysis of fuel. Combined with dynamic mesh model, the flow field inside combustion chamber and nozzle and the transient regression rate can be calculated more accurately. Under quasi-steady state, there is no regression, while in the transient calculation, every node of burning surface moves at the speed of its regression rate. The average regression rates calculated by both methods are shown in Fig. 4 . As seen from Fig. 4 , the average regression rate decreases with the working time gradually, because the oxidizer flow rate declines constantly as the fuel grain port expands. In addition, previous study suggests that the solid fuel regression rate is proportional to d À0.2 when convective heat transfer is dominant in hybrid rocket motor. 18 During the operation process, the regression rate is unchanged with quasi-state steady method, since the grain port diameter does not change. Lower regression rate is obtained with transient calculation, which is caused by the regression of fuel. Although hybrid rocket motor suffers from low solid fuel regression rate, transient calculation is still closer to the real situation, and can better simulate the flow field and instantaneous regression rate in operation process.
A comparison of the experimental data 18 and simulation results is shown in Fig. 5 , in the figure, G ox is the oxidizer mass flux. Because it is difficult to measure the transient regression rate in hybrid rocket motors, the experimental data is timespace averaged regression rates and averaged mass flux during the operation process, whereas the simulation results are the transient space averaged regression rate and transient mass flux at 0 s, 1 s, 2 s and 3 s. It can be seen that the experimental and simulation values are close to each other, indicating that this calculation model for transient regression rate is useful for predicting instantaneous regression rate in hybrid rocket motor.
Transient regression rate along the axial direction
Figs. 6 and 7 show that the curves of transient regression rate along the axial direction, the locations and shapes of fuel surface at different time respectively. It can be easily observed in Fig. 6 that the distribution of regression rate is uneven along the axis in hybrid rocket motor. At the same time, the regression rate decreases at first, then increases, and gradually stabilizes in the axial direction. Since the pyrolysis gas is brought to pre-chamber by eddy that is generated near the front combustion chamber, which can strengthen the mixing of oxidizer and pyrolysis gas and the convective heat transfer between gas and solid fuel, the fuel surface has a higher temperature in this place, and so does the regression rate. Back along the axial direction, because some of the pyrolysis gas is brought to the front combustion chamber, which would lead to reducing the burning temperature and heat transfer, the regression rate goes down. After that, due to the addition of mass caused by the porolysis, which increases the flow velocity in the chamber that enhances the convective heat transfer, the regression rate increases as a result. The changing trend of the fuel regression rate along the axial direction agrees with the simulation results in Ref. From Fig. 8 , as the mass flow rate of oxidizer increases, the regression rate also increases. In the flow throttling process, the regression rate does not reach a stable value instantly, while the oxidizer mass flow rate has already been 120 g/s, but oscillates for some time before setting down to final stable value instead. The response of the motor is attributed to two main reasons: (A) with the sudden increase of oxidizer mass flow rate, the flow velocity also increases. It requires a period time to adjust the diffusion and combustion process in the boundary layer; (B) Because of the finite thermal conductivity of the solid fuel, the regression rate of the hybrid fuel grain cannot respond to the changes in the surface heat flux. The rising time is 0.17 s, setting time is 0.11 s and overshooting is 3.8% approximately with quasi-steady state method, while rising time, setting time and overshooting are 0.2 s, 0.15 s, and 4.3%, respectively, with transient calculation. Fig. 9 shows that the engine thrust increases with the increasing oxidizer mass flow rate. Affected by the time lags of flow, the thrust has a similar trend as the regression rate. The quasi-steady state and transient calculations give almost the same thrust, as the oxidizer flow rate is the main factor in thrust. Step change 90 (t = 0-0. respectively. t 1 is the initial time, t 2 is the time that the throttling starts, t 3 is the time that the regression rate reaches the highest, and t 4 is the time that regression rate is stable. Since   Fig. 4 Average regression rate in working process. the relationship between regression rate and temperature fits the Arrhenius equation, the regression rate curve has a similar trend as temperature gradient. At t = 0-0.50 s, the expansion of the port leads to less oxidizer flow rate, which causes the heat transfer effect to be weakened. Thus the temperature and regression rate decrease. When t = 0.5 s, it is obvious from Fig. 12 that most of the region of temperature profile remains unchanged, which indicates the temperature and regression rate do not respond rapidly with the sudden change in the input. After a short period, the change of oxidizer mass flow rate starts to affect the flow field, causing temperature and regression rate to increase. At t = 0.58 s, the regression rate reaches the maximum value. As the fuel port diameter increases, the regression rate decreases gradually, after the adjustment of diffusion and combustion process in boundary layer. Another observation in this picture is that the temperature between 0 mm and 140 mm at 0.58 s and 0.70 s is close, which implies that the temperature reaches steady state more quickly in the front head of solid fuel. That is because the boundary layer in the front is thinner, and the heat transfer process reaches steady state faster.
The overshoot is an important indication of stability of response process under step change of oxidizer flow rate condition. In order to research the effects on overshooting on flow throttling process in hybrid rocket motor, the effects of throttling ratio, oxidizer flow flux and fuel port diameter are discussed.
(1) Effect of throttling ratio on overshooting.
Figs. 13 and 14 are the distribution of fuel surface temperature and transient regression rate at t = 0.5 s and at the time that the regression rate reaches the maximum value during thrust regulation process. As seen from Fig. 13 , surface temperature of each node rises as the oxidizer mass flow rate increases. However, the larger the throttling ratio is, the more effect it has on the front-end of solid fuel. This is because the increase of throttling ratio or the oxidizer flow rate enhances the eddies which can strengthen the mixing of oxidizer and pyrolysis gas and the convective heat transfer between gas and solid fuel. As a result, when the throttling ratio is 3:1 or 4:1, the high temperature area of forward fuel is bigger than the ratio is 2:1. Since the relationship between regression rate and temperature fits the Arrhenius equation, the regression rate curve has a similar trend as temperature gradient. Therefore, the relative overshooting increases with the throttling ratio for the throttle up situation. Fig. 14 shows the effect of the throttling ratio on relative overshooting. It can be seen from Fig. 12 that for the throttle up situation, or when the throttling ratio is greater than 1, the relative overshooting increases with the throttling ratio, while in the throttle down case, or the throttling ratio is less than 1, the relative excursion increases and then decreases to zero. When the throttling ratio is less than 0.2, the overshoot cannot be observed.
(2) Effects of oxidizer flow flux and fuel port diameter on overshooting.
Two hybrid motors of different sizes are simulated, the fuel port diameter of the two motors are respectively 25 mm and 50 mm, the length to diameter ratio of the solid fuel remains 20, and the throttling ratio are both 1.5:1. Detailed structure parameters of both motors are summarized in Table 2 . Changing the initial oxidizer mass flow rate which consequently changes the oxidizer flow flux, the effects of oxidizer flow flux and fuel port diameter on overshooting are presented in Fig. 15 . As shown in Fig. 15 , with the constant fuel port diameter constant and variable oxidizer flow flux, the relative overshooting differs pretty little, which means the oxidizer flow flux has no impact on overshooting. But with the same oxidizer flow flux, overshooting increases with the increase of fuel port diameter. Fig. 16 is the distribution of fuel surface temperature and transient regression rate at the time that the regression rate reaches the maximum value during thrust regulation process, when the fuel port diameter is 25 mm. It can be observed that as the oxidizer flow flux increases, the fuel surface temperature and regression rate have a small increase. Additionally, in these five conditions, temperature and regression rate distribution of fuel surface are approximately identical, which means the increasing oxidizer flow flux does not increase the high temperature region, so the overshooting is almost the same.
Transient regression rate under linear change of oxidizer flow rate condition
In reality, the oxidizer flow rate needs to vary linearly for some variable thrust engines. The average regression rate calculated by transient method, oxidizer mass flow rate and oxidizer mass flux changing with time are plotted in Figs. 17 and 18. As shown in Fig. 17 , in three cases, with the mass flow rate of oxidizer increases, the relative average regression rate and oxidizer flow flux increase. Due to regression of fuel, the change rate of oxidizer mass flow rate is higher than oxidizer mass flux, so that oxidizer mass flux and regression rate curves have a higher slope than the relative inlet function of oxidizer flow rate. It can be observed that as the inlet function slope or the regulation time increases, the relative overshooting decreases. This is because the longer regulation time, the bigger the grain port, which causes less oxidizer mass flux and lower regression rate. The transient regression rates tend to be the same in three cases, after the throttling process. However, Case 1 has the highest regression rate during the regulation process, which leads to the biggest grain port, and gets the smallest oxidizer flux and regression rate after the regulation. Instantaneous regression rate and oxidizer mass flux during throttling process as shown in Fig. 19 are applied in fitting curves. It can be Fig. 15 Effects of oxidizer flow flux and fuel port diameter on overshooting.
observed that during the throttling process, the relationship between average regression rate and oxidizer mass flux agrees with the expression _ r ¼ aG n ox , which is widely used in engineering prediction. Case 2 and Case 3 have the same rule.
Conclusions
An unsteady numerical model was set up with turbulence combustion, gas-solid coupling, and dynamic mesh considered. Numerical simulations were conducted on H 2 O 2 /HTPB hybrid rocket motor. The following conclusions have been obtained.
(1) During the working process of hybrid rocket motor, the average regression rate decreases along with the working time gradually. In the axial direction, the regression rate decreases at first then increases, and gradually stabilizes. (2) Under the step change of oxidizer mass flow rate condition, the regression rate will not reach a stable value instantly that the flow filed requires a short time period to adjust. The rising time is 0.17 s, setting time is 0.11 s and overshooting is 3.8% approximately with quasisteady state method, while rising time, setting time and overshooting are 0.2 s, 0.15 s, and 4.3%, respectively, with transient calculation.
(3) For the throttle up situation, the relative overshooting increases with the throttling ratio; while in the throttle down case, the relative excursion increases and then decreases to zero. Oxidizer flow flux has no impact on overshooting. With the same oxidizer flow flux, overshooting increases with increasing fuel port diameter. (4) The regression rate and oxidizer mass flux increase with the linear gain of oxidizer mass flow rate, and oxidizer mass flux and regression rate curves have a higher slope than the relative inlet function of oxidizer flow rate. A shorter regulation time can cause a higher regression rate during regulation process. The transient regression rates tend to be the same in three cases, after the throttling process. 
